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ABSTRACT
The moduli space describing the low-energy dynamics of BPS multi-monopoles for several charge config-
urations is presented. We first prove the conjectured form of the moduli space of n− 1 distinct monopoles in
a spontaneously broken SU(n) gauge theory. We further propose the solution where one of the charge com-
ponents has two units, hence asymptotically corresponds to embeddings of two monopoles of one charge type
and the rest different. The latter hyperka¨hler metrics possess features of the two-monopole Atiyah-Hitchin
metric. We also conjecture classes of solutions to multi-monopole moduli spaces with arbitrary charge and
no more than two units in each component, which models the gluing together of Atiyah-Hitchin metrics.
Our approach here uses the generalized Legendre transform technique to find the new hyperka¨hler manifolds
and rederive previously conjectured ones.
1
I. Introduction
Recently there has been much interest in the study of monopole interactions in the BPS limit. For
some time it has been known that the Yang-Mills-Higgs field equations admit solitonic solutions [1,2], and
that there are in general a finite dimensional solution space labelled by the same magnetic charge [3,4].
These solutions correspond in the asymptotic regions to the superposition of n fundamental monopoles.
The non-trivial global geometry of these moduli spaces is of interest for several reasons. The explicit form
of the metric allows one to determine the low-energy dynamics of interacting monopoles [5]. Furthermore,
a collective coordinate quantization of these low-energy degrees of freedom allow one to investigate the
existence of stable bound state solutions, which gives a non-trivial test of the existence of non-perturbative
states predicted by the conjectured SL(2, Z) duality of N = 4 supersymmetric Yang-Mills theory.
The SU(2)→ U(1) charge 2 monopole problem has been extensively studied in the past and it is known
that in general the moduli spaces have a hyperka¨hler structure [6,7]. Even for larger broken gauge groups,
the different charge two centered moduli spaces are unique in that the possible candidate four-dimensional
hyperka¨hler manifolds, those containing a rotational SU(2) or SO(3) group of isometries and/or additional
charge conservation factor U(1), have been completely classified [6]. By imposing the appropriate physical
isometries one may directly find the correct moduli space. No such classification is known of the hyperka¨hler
manifolds which describe charge k > 2 moduli spaces, although the asymptotic form of the metric is known
[8].
Monopoles in gauge groups such as SU(n) have charges associated with each of the Cartan generators
(or rather labelled according to the dual of the root lattice), and for widely separated configurations the
gauge fields are built up from embedding independent SU(2) fundamental monopoles [9]. There are n − 1
independent fundamental charge one monopole solutions arising within the BPS equations for the case of
a maximally broken SU(n) theory. The moduli space for k < n distinct monopole gauge configurations
contains an additional set of commuting U(1)k isometries and has been analytically found in the asymptotic
region where the monopoles are all widely separated from one another [10]. The asymptotic form of the
metric does not develop singularities as one continues into the core region and has been conjectured to be
correct throughout [10]. Further examples of all-k charge moduli spaces corresponding to mixed monopole
configurations in SU(n) have not appeared in the literature and will be presented in this paper.
The Legendre transform construction of hyperka¨hler manifolds and its extensions is naturally suited
to the construction of multi-monopole moduli spaces [11,12]. This formalism has recently been used, for
example, to construct Atiyah-Hitchin metric M˜2, which describes the moduli space of a charge two monopole
in a broken SU(2) theory [13]. These techniques will be used extensively in the construction of moduli spaces
presented this paper. The most attractive feature of this type of construction when applied to the monopole
moduli space problem is that it allows one to generalize in a straightforward manner entire classes of moduli
spaces; These examples are conjectured to give the moduli spaces of monopoles in higher gauge groups with
no more than two units of charge along a particular Cartan direction, corresponding to gluing together many
Atiyah-Hitchin metrics.
In this paper we propose the form of the moduli space for various multi-monopole solutions to the BPS
equations in an SU(n) gauge theory broken down to U(1)n−1. In section II we review some defining properties
of BPS monopoles and the asymptotic form of the general multi-monopole moduli space. In section III we
present the Legendre transform technique and illustrate its use in working with SU(n) moduli spaces by
constructing the moduli space of up to n− 1 distinct monopoles. The metric on the space corresponding to
this charge configuration has been recently conjectured to be the same as its asymptotic form, and we prove
this to be correct. In Section IV we present the form for the moduli space M˜k for any number of monopoles
where two are like charged and the rest different. In Section V we conjecture further examples of moduli
spaces where no more than two monopoles are labelled by the same magnetic quantum number. In Section
VI we conclude with some details about related problems.
2
II. BPS Monopoles
BPS Equations and Fundamental Monopoles
In this section we review the properties of the BPS equations in an SU(n) gauge theory. We define as
usual the raising and lowering operators of su(n) as
[Hi, Hj ] = 0 [E~α, E−~α] = ~α · ~H
[E~α, H ] = ~αE~α . (1)
where ~α are the roots. The Cartan generators are normalized so that TrHiHj = δij . Any vector ~α on the
root lattice can be decomposed into a basis of simple roots ~αi with integral coefficients
~α =
r∑
i=1
ni~αi, ni ≥ 0 . (2)
One may define the dual lattice spanned by the vectors ~α∗i =
~αi
α2
i
,
~µ =
r∑
j=1
n∗i ~α
∗
j . (3)
For SU(n) the simple roots obey ~αi · ~αi > 0 and ~αi · ~αj < 0 for i 6= j. The signs will turn out to be very
important in the construction of the moduli space metrics.
Monopoles in the BPS limit are soliton solutions to the Yang-Mills-Higgs field equations in which the
presence of the scalar potential is replaced with boundary conditions on the fields at spatial infinity. We
have the Lagrangian
L = −1
4
TrFµνF
µν +
1
2
TrDµΦD
µΦ− V (Φ) , (4)
with
Fµν = ∂µAν − ∂νAµ + e [Aµ, Aν ]
DµΦ = ∂µΦ+ e [Aν ,Φ]
and scalar potential
V (Φ) = λTr(Φ2 − v2)2 (5)
All fields are taken in the adjoint representation of SU(n). Finite energy configurations necessarily satisfy
the boundary condition that at spatial infinity Φ2 → v2.
The equations of motion from the Lagrangian in eqn.(4) are
DµF
µν = e [Φ, DνΦ] DµDµΦ = −4λΦ(Φ2 − v2) (6)
together with the Bianchi identity. The first equation for the case of a configuration in the gauge A0 = 0
gives Gauss’ law,
DiF
i0 = e
[
Φ, D0Φ
]
. (7)
In the BPS limit we take λ→ 0, while maintaining the asymptotic condition on the scalar field expectation
value. The potential is reflected then as a topological boundary condition on the scalar and gauge fields on the
sphere at spatial infinity S2. It is well known that the topological sectors of the gauge field configurations for
3
a simply connected group spontaneously broken from G to H are labelled by π2(G/H), which for SU(n)→
U(1)n−1 is π1(H) = Z
n−1 (has dimension n− 1).
The static multi-monopole gauge solutions are found by first looking for the minimal energy configura-
tions corresponding to the Lagrangian in eqn.(4). From the colored electric and magnetic fields Eai = F
a
0i
and Bai =
1
2ǫijkF
jk,a, the static energy is
H = 1
4
Tr
∫
d3x (Bi +DiΦ)
2 + (Bi −DiΦ)2 + 4V (Φ) . (8)
In the limit in which the scalar self-coupling λ is taken to zero, the minimal energy configurations to the
BPS equations [1,2] satisfy
DiΦ = ±1
2
ǫijkF
jk , (9)
in addition to a boundary condition on the fields at infinity which represent the non-trivial homotopy class of
the gauge field. We demand the field configurations to have finite energy. They must satisfy the asymptotic
conditions
Φ = ~h · ~H + 1
4πr
~qm · ~H +O( 1
r2
)
~B =
rˆ
4πr2
~qm · ~H +O( 1
r3
) ,
(10)
where the Higgs field vacuum expectation value defined at infinity along some direction is given by lim|~r|→∞〈Φ〉 =
~h · ~H . In order for the gauge group to be completely broken we require ~h · ~αi 6= 0. There exists then a basis
of the simple roots such that ~h · ~αi > 0, which is what we take in the remainder of this paper [9].
In a maximally broken theory SU(n) → U(1)n−1 the states are labelled by the quantum numbers
(ni, n
∗
i ). The topological quantization condition demands that the magnetic and electric charges in the basis
above are labelled by the root lattice and its dual ~qe = e~α and ~qm =
4π
e ~α
∗ [14]. The charge vectors then
obey the condition ~qe · ~qm = 4πn, with n an integer. By expanding the fields about the broken vacuum we
find the spectrum of elementary particles (i.e. W± analogs) consist of the electrically charged states with no
magnetic charge and electric charges in one to one correspondence with the roots. (By convention we will
use ki rather than n∗i , the set of which we label by
~k.)
The BPS masses of the monopole states are given by m = |~h · ~qm| with ~qm = 4πe
∑n−1
j k
i~α∗i . An
important difference for multi-monopoles in the larger gauge groups is the existence of neutrally stable
states. In the case of SU(n) with n > 2, the masses of states based on the composite roots ~α∗ =
∑
j k
i~α∗i
saturate the triangle equality; the mass of the monopole decomposes as a sum of the fundamental masses
m =
∑
j kjmj with mj =
4π
e
~h · ~α∗j (recall ~h · ~αj > 0). The monopole based on non-simple roots is then
neutrally stable to decay into single ones based on the simple roots.
Considering the Lagrangian in eqn.(4) as the bosonic part of an N = 4 supersymmetric model, which
then requires additional adjoint scalars ΦI together with replacing the potential by Tr[ΦI ,ΦJ ]2, the conjec-
tured SL(2, Z) duality predicts towers of dual, stable magnetically charged states with non-zero kj [15, 16]
satisfying the BPS mass formula. Since the mass formula is exact in this case, these states are believed to
be found semi-classically by investigating the moduli space of magnetically charged solutions to the BPS
equations [17]. This provides a strong motivation for studying the moduli space of magnetically charged
states.
Before discussing the moduli space in more detail, it is important to understand the asymptotic regime
where monopoles are widely separated from one another. This region gives an intuitive understanding of
the parameter counting for the dimension of the various moduli spaces, and furthermore in this regime the
forces between monopoles can be found to leading order.
E. Weinberg has shown how multi-monopole solutions for higher gauge groups completely broken down
to its maximal torus may be understood by embedding independent SU(2) solutions along the simple root
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directions in SU(n) [9]. We first pick a root vector ~α in SU(n); along this direction an explicit SU(2)
sub-algebra is generated by
T1 =
1√
2~α2
(E~α + E−~α) T2 =
−i√
2~α2
(E~α − E−~α) T3 = 1
~α2
~α · ~H . (11)
Let Φjsu(2) and A
j
su(2) be a charge k, SU(2) solution (j labels the generators in eq.(11) and
~Φsu(2) · ~T ≡∑3
j=1 Φ
j
su(2)Tj) with the vacuum expectation at infinity for the Higgs given by vsu(2) =
~h · ~α.
An explicit solution for embedding the SU(2) multi-monopole is given by
Φ = ~Φsu(2) · ~T + ~H ·
(
~h− ~α ~h · ~α∗
)
A = ~Asu(2) · ~T
v = ~h · ~α .
(12)
The magnetic charge of the BPS solution (12) is given along the dual to the embedding root and is ~qm =
4π
e ~α
∗
(with mass m = 4πe |~h · ~α∗|) . One has picked a particular U(1) factor, i.e. one vector ~α, in providing this
solution.
With the embedding solutions (12) and the basis of simple roots one may introduce the “fundamental”
charge |~k| = 1 monopoles, each of which live along different simple root directions. In general a multi-
monopole solution can not be thought of as a sum of individual BPS solutions; however, in the asymptotic
regime where we keep only the leading 1/r terms in the gauge fields, the identification can be made precise.
To every simple root vector ~αi we associate an SU(2) embedding via eqn.(12) with only one unit of magnetic
charge. For widely separated configurations the general multi-monopole may be thought of as a linear
superposition of the fundamental ones, each with charge one and possibly along different weight directions.
Asymptotically any SU(n) monopole is a linear superposition of the fundamental monopoles (of in-
dividual charge one) and the centered moduli space approaches a product manifold M˜~k →
(M˜1)
∑
i
ki
.
Furthermore, from the number of zero modes of a single SU(2) monopole, 3 δ~ri translational and one U(1)
rotational, one may roughly obtain the dimension of the moduli space for the general multi-monopole solu-
tions. Given that the moduli space is smooth and simply connected, d does not change; naively we obtain
N =
∑n−1
i=1 4k
i as the number of zero modes for the general monopole. Although this is a rather intuitive
argument, this number of moduli parameters may be derived rigorously [3, 9].
Moduli Spaces
In general there is a multi-parameter family of solutions to the BPS equations with the same topological
charge. The moduli space of a monopole configuration is found by considering the deformations of the fields
in the non-trivial gauge background which are not gauge equivalent and preserve the equations of motion.
By definitionM~k is defined as the space G of all solutions to the BPS equations of constant potential energy
modulo the gauge deformations H connected to the identity. In this section we review some properties of
these spaces.
The zero modes of the multi-monopole solution are found by considering a small field deformation of
the BPS equations around a charge ~k solution. As usual, the A0 = 0 gauge condition is taken to fix the
residual background gauge invariances connected to the identity. To linear order, the perturbations of the
fields satisfy
Ak = A˜k + δAk(~x, t) Φ = Φ˜ + δΦ(~x, t)
ǫijkD˜j(δAk) = D˜i(δΦ) +
[
δAi, Φ˜
]
,
(13)
where Gauss’s law comes from the equations of motion,
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D˜i(δ∂0A
i) = e
[
Φ˜, δ∂0Φ
]
. (14)
The latter equation insures that the kinetic energy remains zero. There are remaining U(1) gauge invariances
acting on the perturbations from rotating δAk which we eliminate (since the moduli space is defined as the
space of solutions modulo small gauge transformations) by imposing the gauge fixing on the fluctuating fields
D˜i(δA
i) +
[
Φ˜, δΦ
]
= 0 (15)
In order to arrive at the low-energy dynamics we allow the small deformations δAk and δΦ to vary with time
and then search for the most general solution to the above equations.
Consider for example a charge |~k| = 1 monopole solution, then constant spatial translations of the
SU(2) embeddings in eq.(12) do not change the BPS equations and generate a set of three zero-modes, one
for each direction in R3. Time dependent spatial translations however raise the kinetic energy. In the case of
higher charge solutions, where we do not have a notion of separating a monopole into charge one components
except in the asymptotic regions, this kinetic energy contribution is found by quantizing the moduli of the
BPS equations.
There are, however, further low-energy collective coordinates. Consider again the case of a fundamental
charge |~k| = 1 monopole. The linearized BPS equations and the gauge fixing term in eqn.(15) only freeze
out small gauge transformations. The remaining collective coordinate is found by looking at pure gauge
deformations of the fields which in general give rise to a time dependence in the small perturbations. In the
A0 = 0 background gauge we have,
∂0Ai = δAi = DiΛ ∂0Φ = δΦ = [Φ,Λ] (16)
In this case the time dependence is pure gauge, and the potential remains constant in time - so that any
solution of the form (16) is a zero mode. The unique solutions to eqns.(16, 15, 13) for time dependent Λ
is given by Λ = χ(t)Φ(~r) parameterized by the large gauge transformation g = eχ(t)Φ(~r). In general the
parameter χ is allowed a smooth time dependence (χ is not allowed in general to vanish at infinity). Note
that g is spatially dependent through the dependence in the scalar field, but does not vanish at |~r| → ∞
because of the boundary condition on the vev of the scalar.
If ∂0χ = 0 then this transformation parameterizes a large gauge transformation, and χ is a physical
zero mode. The field dependence is ∂0Ai = δAi = Di(χΦ), δΦ = 0, δA0 = 0. The large global gauge
transformations parameterized by χ lives in the unbroken U(1), and as a result, χ is a periodic coordinate
(χ ∈ S1). Time dependent solutions to χ increase the kinetic energy (keeping the potential energy fixed)
and gives the monopole fields electric charge.
For the single monopole we have a total of four moduli, the translations and the electric charge of the
monopole, and the moduli space is M1 = R
3 ⊗ S1. Higher charge monopole configurations give a different
moduli space structure in SU(n) for n > 2. In SU(2), the overall charge conservation, generated by the
global rotation above, together with the center of mass coordinates factored out give a 4k dimensional space
of the form [6],
Mk = R
3 ⊗ S
1 ⊗ M˜k
Zk
. (17)
The total moduli space is obtained by identifying the periodic values of the quantized charge degrees of
freedom, and Zk is a discrete subgroup of the isometry group of the centered moduli space which enforces
this identification.
In higher gauge groups the moduli space does not necessarily factorize onto an S1 since the total charge
does not have to be periodic [18, 19]. Consider SU(n) and let qi denote the quantized electric charges along
the different U(1) factors. The center-of-mass coordinate corresponding to the total charge has the form
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q =
1
me
n−1∑
i=1
miqi m =
n−1∑
i=1
mi , (18)
where mi =
4π
e ki
~h · ~αi, and is not quantized unless all ratios mi/mj are rational. In this case the moduli
space has the form,
M~k = R
3 ⊗
R1 ⊗ M˜{~k}
D , (19)
where D is again a discrete subgroup of the isometry group of the centered moduli space. In this work we
only consider the construction of the (covered) centered moduli spaces M˜~k which asymptotically resemble
a product of charge one M1 factors.
We now briefly discuss the construction of the moduli spaces. It is well-known that the static BPS
equations are equivalent to the self-dual Yang-Mills equations in Euclidean space. Define Aˆi = Ai and
Aˆ4 = Φ. Equations (13) and (15) may be combined into the form
Gij = Fij Gi4 = DiΦ
D[i(δAˆj]) = ǫ
kl
ij D[k(δAˆl]) (20)
Di(∂0A
i) = 0 , (21)
so that Gij =
1
2ǫijklG
kl. Monopoles then correspond to self-dual gauge potentials satisfing the asymptotic
conditions in eqn.(10).
The slow time dependence is introduced by letting the gauge fields depend on the N{~k} time dependent
moduli parameters yi(t), Aµ ≡ Aµ(~ri, yi(t)). By definition, the potential energy is independent of the moduli.
Under a small perturbation of the gauge field in the moduli direction κi, the fields change as,
Aµ → Aµ + κi(δiAµ) . (22)
However, the perturbations δiAµ need to be constrained first by the background gauge fixing before we
obtain the tangent vectors to M~k since gauge transformations of δiAµ have been modded out. With the
gauge fixing term Di(δA
i) = 0, the tangent vectors are obtained by differentiating with respect to the moduli
and compensating (if necessary) by a small gauge transformation to keep the gauge fixing term intact. We
have
δiAµ =
∂Aµ
∂yi(t)
+ (DµΛ˜
i) (23)
where Λ˜i(~rj , yj) is chosen to maintain the gauge-fixing in eqn.(15). This definition of tangent vectors appro-
priately corresponds to the moduli space, which is defined by the charge ~k solution set of the BPS equations
modulo small gauge transformations.
The inner product of the tangent vectors δiA
a
µ defines the metric on the moduli space M~k to be
Gij = −
∫
d3xTr
(
δiAµδjA
µ
)
. (24)
In order to arrive at the low-energy effective Lagrangian we make explicit the time dependence of the moduli
parameters (in A0 gauge).
∂0Ai = (∂0y
i)δiAµ ∂iA0 = 0 (25)
and the time dependent action gives,
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S = −1
2
∫
d4rTrFµνF
µν =
1
2
∫
dtGij∂0y
i∂0y
j (26)
The static portion of the action drops out since the fields satisfy the BPS equations.
The inter-monopole forces have recently been deduced in the asymptotic regime for any number of
separated monopoles in the higher rank gauge groups [18]. The forces give the moduli space geometry
of a higher-dimensional d = 4k analog of the Taub-NUT space, and shows the asymptotic moduli space
for n fundamental monopoles possesses a metric which does not lead to singularities as one brings them
close together. This behavior is in contrast to the multi-monopole moduli space in which the some of the
asymptotic monopole fields are labelled along the same direction; in this case the asymptotic form develops
singularities, which are ultimately resolved by a charge exchange process, as one continues it into the core
region.
The space M~k has been studied extensively for the gauge group SU(2), and in general is hyperka¨hler
and complete for all gauge groups. A natural language for the construction of hyperka¨hler manifolds is the
Legendre transform (LT) and its generalizations [13]. In the following we will construct the “distinct” moduli
spaces in the LT and generalize to further cases.
III. Generalized Legendre Transform
The Legendre transform (LT) technique has been a powerful construction to locally generate hyperka¨hler
manifolds from holomorphic functions [11,12]. Although this construction gives in general incomplete man-
ifolds, it can in principle be used to generate the globally well-defined spaces which are the hyperka¨hler
moduli spaces of the BPS equations. In the following we review the LT formalism, and reformulate the
moduli space Kahler potentials for the distinct fundamental multi-monopole space.
Hyperka¨hler manifolds are Riemannian manifolds which are Ka¨hler with respect to three covariant
complex structures, denoted conventionally by I, J , and K (∇I = 0 et. al. with respect to the Levi-Cevita
connection). They obey the quaternionic algebra
I2 = J2 = K2 = −1 IJ = K = −JI , (27)
and cyclic permutations. The three Kahler forms are then given by ωI(X,Y ) = g(IX, Y ), etc. An isometry
is called tri-holomorphic if it preserves all three Ka¨hler forms.
We first define the holomorphic polynomials of order 2n over CP1 as
η(2n)(ρ) =
2n∑
j=0
wjρ
j . (28)
The functions η(2n)(ρ) are sections of line bundles O(2n) over CP1 consisting of all polynomials of order 2n,
and ρ is the CP1 coordinate.
The standard representation of CP1 is found by pasting together two copies of the complex plane Φ, Φ˜
with coordinates ρ and ρ˜; on the overlap Φ∩ Φ˜ the coordinates are related by ρ = 1/ρ˜. Furthermore, on the
overlap of the two charts the functions in eqn.(28) transform as η˜(2n)(1/ρ) = ρ−2nη(2n)(ρ).
We impose a reality constraint on η(2n) given by
η¯(2n)(ρ) = (−1)nρ¯2nη(2n)(−1/ρ¯) , (29)
which means that wj = (−)n+jw¯2n−j . The operation in eqn.(29) may be regarded as invariance under
complex conjugation together with the anti-podal map; in this case the real structure is a map which takes
CP1 onto itself defined on the above functions as η(ρ)→ ¯η(−1/ρ¯). The origin of these coordinates and how
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the Legendre transform is explicitly constructed out of them has been described in [13]. We will return to a
twistor formulation of the metrics considered in this paper in the future [20].
The Ka¨hler potential is locally constructed in terms of general functions depending on the holomorphic
O(2n) coordinates. Given the appropriate contour we define the integral,
F =
1
2πi
∮
dρ
1
ρ2
G
(
η(2n)(ρ), ρ
)
.
Note further that by construction this function satisfies many linear differential equations of the form,
∂2
∂wi∂wj
F =
∂2
∂wi+a∂wj−a
F . (30)
The Ka¨hler potential K is found by performing a complex Legendre transform of F with respect to w1
and w2j−1. In addition we extremize F with respect to the remaining coefficients other than w0 or w2n.
Define zi = wi0 (hence z¯
i = (−1)nwi2n) and vi = wi1 (v¯i = −(−1)nwi2n−1). Then, the Ka¨hler potential is
K(zi, z¯i, ui, u¯i) = F (zi, z¯i, vi, v¯i, wj) = F − uivi − u¯iv¯i
Fvi = u
i Fwj = 0 . (31)
The coefficients wj have indices (2 ≤ j ≤ 2n − 2) for each of the η(2n) functions. Finding the metric then
involves as usual taking derivatives of the Ka¨hler potential.
Case of Maximal Number of Tri-Holomorphic Isometries
In the special case in which only a set of O(2) type of coordinates ηi are necessary an explicit solution
to the Ka¨hler potential may be found. We explicitly state the construction for this case and prove the
conjectured form of the “distinct” multi-monopole moduli space. The coordinates and generating function
for the local construction of the Ka¨hler potential is,
ηi = zi + xiρ− z¯iρ2 F = 1
2πi
∮
dρ G
(
ηj(ρ), ρ
)
. (32)
The standard Legendre transformation with respect to all n coordinates xj gives a Ka¨hler potential with n
tri-holomorphic isometries. We get from the Legendre transform of the F function
K(zj, z¯j , uj, u¯j) = F (xj , zj , z¯j)− (ui + u¯i)xi
∂F
∂xj
= uj + u¯j ,
(33)
where the U(1) rotations between uj and u¯j generate the commuting isometries.
We first write down the most general 4n-dimensional hyperka¨hler metric with a maximal number of
tri-holomorphic isometries. In terms of the holomorphic coordinates ui, u¯i and zi, z¯i the Ka¨hler potential
gives the line element as usual from the derivatives,
g = Kuiu¯jdu
i ⊗ du¯j +Kuiz¯jdui ⊗ dz¯j +Kziu¯jdzi ⊗ du¯j +Kziz¯jdzi ⊗ dz¯j . (34)
The solution to the Legendre transform may be found explicitly in the general case by switching to a non-
holomorphic coordinate basis consisting of xi, yi, zi, z¯i [11,12]. The new coordinates are defined by
2dui = Fxixjdx
j + Fxizjdz
j + Fxiz¯jdz¯
j + idyi . (35)
The most general solution to the components of the hyperka¨hler metric are
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Kuiu¯j = −(Fxjxi)−1 Kuiz¯j = (Fxkxi)−1Fxkz¯j
Kziz¯j = −Fxixj − Fzixk(Fxlxk)−1Fxlz¯j (36)
Note that these solutions contain both complete and incomplete metrics, and further analysis is necessary
to restrict the form of F to obtain complete ones. Unfortunately there is no canonical procedure to select
the form of F so that it gives only complete metrics (apart from just looking case-wise for its potential
singularities) However, we will prove below that only one such metric exists in a given 4n dimensions
which are geodesically complete and satisfy the asymptotic boundary conditions calculated from the widely
separated distinct monopoles. This metric describes the moduli space of the charge n distinct multi-monopole
configuration.
A particularly simple form for the metric may be found by defining new coordinates, the position
variables 2zj = rj1 + ir
j
2, 2z¯
j = rj1 − irj2, and xj = rj3. After a bit of algebra one can show that in this basis
the metric in eqn.(34) takes the form
ds2 =Mijd~r
i · d~rj − [M−1]
ij
qiqj Mij = −1
2
Fxixj , (37)
with the charge coordinates given by
qj = idyj − Fzkxidzk + Fz¯kxidz¯k . (38)
Note that in this coordinate basis the space has generically the commuting isometries U(1)n generated by
constant shifts of the yj coordinates (F is yj-independent). The existence of further isometries depends on
the precise form of the F functions. An alternative description of the metrics in eqn. (33) has been given in
[21].
The multi-monopole moduli space for n distinct fundamental monopoles has n commuting isometries
[18]. Hyperka¨hler 4n dimensional spaces with n tri-holomorphic isometries may all be locally constructed in
the Legendre transform [11]. We expect to find a description ofM~k in terms of eqn.(37) also since the moduli
space is known to be constructible from n of the η(2) coordinates (discussed in section IV). From analyzing
the asymptotic forces between embedded fundamental monopole solutions, the asymptotic form of the metric
for n distinct interacting monopoles has been conjectured to be the correct one all the way into the core
[18]. Define the magnetic charge g = 4π/e and mi = g~h · ~α∗i the mass of the ith fundamental monopole. In
this case, the proposed metric corresponding to M~k is given in eqn.(37) and is that of a higher-dimensional
analog to a Taub-Nut space. The spatial components are given by
Mij =
g2
4π
~α∗i · ~α∗j
|~ri − ~rj | i 6= j
Mii = mi − g
2
4π
∑
i6=j
~α∗i · ~α∗j
|~ri − ~rj | . (39)
The matrix M is independent of the n coordinates yj . Note that we sum over all pairs (i, j); but as noted in
[18], only n− 1 of the products of simple roots for i 6= j are non-vanishing for the case of SU(n). In this case
one may choose a labelling of the roots in which only ~αi · ~αi+1 6= 0. Then the appropriate center-of-mass
variables are the relative distances ~ri,i+1 = ~ri − ~ri+1. However, one may choose any n − 1 independent
linear combinations of the position coordinates together with the center of mass ~r =
∑n
j=1(mj/m)~rj when
factoring out the flat space to obtain the centered moduli space M˜~k.
The charge component qiqj of the metric is matched to the previous discussion by performing a coordi-
nate transformation iyj = iwj +Hj(x, z, z¯) so that
qj = idwj + iHjxidx
i + (iHjzi − Fzixj )dzj + (iHjz¯i − Fz¯ixj )dz¯j (40)
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One can make the identification with the form of the charge coordinate forces between well-separated
monopoles where
qj = dψj + ~W jkd~rk
~W jj = −
∑
k 6=j
~α∗j · ~α∗k ~wjk ~W jk = ~α∗j · ~α∗k ~wjk . (41)
In eqn.(41) ~wjk is the Dirac potential from the kth monopole evaluated at the position ~rj , where the j
th
Dirac monopole is situated. It satisfies ~∇j × ~wjk(~rj − ~rk) = −(~rj − ~rk)/r3jk.
Charge Two Cases
The charge two moduli spaces are special in that the possible complete candidate hyperka¨hler metrics
with SU(2) or SO(3) isometry are one of three possible forms (excluding flat R4) [7, 6]. We briefly discuss
this case as its form in the Legendre transform serves to be the fundamental building block for the higher
charge moduli spaces considered in this paper.
In the case of an SU(n > 2) theory completely broken, there are only two types of charge two monopole
moduli spaces. In the first case, we have both units of magnetic charge aligned in the same direction. The
corresponding moduli space, which was first discovered by Atiyah and Hitchin, has an SO(3) isometry. The
latter case, in which the two charge units live along different weight directions, has a rotational SU(2) in
addition to a U(1). The latter factor comes from the additional freedom to gauge rotate along the Cartan
direction orthogonal to total charge conservation (i.e. both directions have separately conserved electric
charges).
Upon imposing an additional U(1) isometry, Atiyah and Hitchin also proved that there is only one can-
didate, the Taub-NUT space with negative mass parameter given in eqn.(39) for n = 1 [7]. This classification
was used recently to find the moduli space of two distinct fundamental monopoles [18,19,22]. We have the
complete form of a Taub-NUT metric (with negative mass parameter since ~α∗1 · ~α∗2 < 0) which describes the
centered moduli space,
ds2 = γd~r · d~r + 1
γ
qrqr (42)
γ = m− g
2
4π
~α∗1 · ~α∗2
r
. (43)
The form of the Taub-NUT metric is of the type in eq.(37) with the generating function F given by
F (~ri) =
m
4πi
∮
0
dρ
η2
ρ3
+
1
2πi
∮
C
1
ρ2
η{ln(η) − 1} . (44)
The contour C is taken in a figure-eight fashion around the two zeroes of η(ρ) = 0, and will be discussed
further below. For the distinct moduli space the metric has no singularities and is geodesically complete.
Here the center of mass coordinates ~r and q describe the relative distance and charge.
The Taub-NUT metric has either a positive or negative mass parameter depending upon the sign of the
product ~α∗1 · ~α∗2. With ~α∗1 · ~α∗2 < 0 we obtain the complete metric which uniquely describes the moduli space
of two distinct monopoles. In the case of a positive sign we obtain an approximation to the Atiyah-Hitchin
metric in the region where the relative coordinate is very large (compared with the mass). In this case both
asymptotic monopoles are labelled with the same dual simple root (e.g. ~α∗), and the metric develops a
singularity within the “core” region at r = g
2
4πm~α
∗
1 · ~α∗1.
Legendre Description of Distinct Moduli Space
The Ka¨hler potentials to the distinct multi-monopole moduli spaces considered so far have a straight-
forward representation in terms of the generating functions F and are a multi-dimensional generalization
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of the Taub-NUT example in eqn.(44). The uncentered higher-dimensional Taub-NUT analog in eqn.(39)
is derived from super-imposing the two fundamental functions used in writing the Taub-NUT generating
function, and is given by F = Fkin + Fint where,
Fkin = −
n∑
i=1
miF1(~ri) Fint =
∑
i6=j
g2
4π
~α∗i · ~α∗jF2(~rij) . (45)
In terms of O(2) coordinates ηi these functions are defined by the contour integrals
ηi = zi + xiρ− z¯iρ2
F1(~ri) = − 1
4πi
∮
Ci
dρ
η2i
ρ3
F2(~rij) =
1
2πi
∮
Cij
1
ρ2
(ηi − ηj){ln(ηi − ηj)− 1} . (46)
The contours Ci are defined by a small circle (anti-clockwise) around the point ρ = 0. The contour Cij is
defined as a figure eight around the two zeroes of ηi − ηj = 0 and is illustrated in fig.(1).
-
ρ
+
ρ
Figure 1. The contour Cij . The points ρ± = −1/2zij(xij± rij) are zeroes of the quadratic equation
ηi − ηj = 0.
The flat center-of-mass coordinate is also of the O(2) type which may be factored out by defining a set
of n− 1 relative coordinates ~˜ri = ~ri − ~ri+1. In the O(2) coordinate language the new η˜i are related to the
previous ones by η˜i = ηi − ηi+1. We reproduce the explicit form of the centered Taub-Nut analog here. We
first introduce the O(2) notation corresponding to the distances ~rij for i, j = 1, . . . , n− 1.
~rij = ~˜ri + ~˜ri+1 + . . .+ ~˜rj−1 ⇒ ηij = η˜i + . . .+ η˜j−1 (47)
The metric generated by eqn.(46) with the center of mass factored out is explicitly generated in the Legendre
transform by the function F = Fkin + Fint,
Fkin = −
n−1∑
i≤j
mijF1(~rij) Fint =
g2
2π
n∑
i<j
~α∗i · ~α∗jF2(~rij) , (48)
where mij is a general reduced mass matrix found by extracting the center of mass coordinate,
n∑
j=1
miη
2
i = (
n∑
i=1
mi)(
∑n
j=1mjηj∑n
j=1mj
)2 +
∑
i<j
mij(ηi − ηj)2 . (49)
In the case where the individual masses are constant, mi = m, the matrix is mij = (m/n). An evaluation of
the Fi(~ri) integrals gives
F1(x, z, z¯) = zz¯ − 1
2
x2
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F2(x, z, z¯) = r + x ln(r − x)− 1
2
x ln(4zz¯) r2 = x2 + 4zz¯ . (50)
One may verify that these functions do indeed generate the uncentered moduli space (as well as its centered
form) given by eqn.(39).
Proof of “Distinct” Monopole Moduli Space
We now prove that the form for F in eqn.(46) is the unique complete hyperka¨hler manifold with the
maximal number of tri-holomorphic isometries which gives rise to the asymptotic form of the centered metric
found from eqn.(39). The net isometry group is U(1)n×SU(2). This then proves the previously conjectured
form for the moduli space describing a set of distinct monopoles to be correct. We do this in two steps. We
first note that all possible 4-dimensional η(2) slices have to be asymptotically locally flat (ALF), complete
with a single U(1) isometry, and possessing a finite set of removable singularities. The asymptotic form
of the metric demands the first condition and tells us the leading behavior; the fact that we are taking a
submanifold composed of an η(2) coordinate gives the second condition. The possible singularities will be
discussed below. Given these conditions, the unique form for F is found by writing down the most general
function which has all slices of this type and which satisfies the asymptotic form of the metric.
We consider first only four dimensional manifolds. The generating function in the Legendre function
satisfies the Laplace’s equation in R3,
Fxx + Fzz¯ = ∇2F (~r) = 0 (51)
We also know the asymptotic form of F from any 4-dimensional slice of the general 4n-dimensional hyper-
kahler manifold. This is discussed in the section on the long-range interaction of magnetic monopoles.
Recently it has been shown that for the distinct monopole moduli space considered here, there are a
finite number of NUT type singularities where the metric diverges as 1/|~ri−~rj | [18]. Four dimensional slices
of this larger manifold will then contain in general a finite number of these singularities.
By differentiating eqn.(51) one obtains ∇2Fxx = 0. However, this is not entirely true since there are
non-trivial removable singularities. In general the Fxx functions satisfy the three dimensional Laplace’s
equation everywhere but at a finite number of points where the metric possess the NUT singularities. The
spatial components of the metric are obtained from Fxx, and at a finite number of points ~bj it behaves as
1/|~r −~bj |. Then we have in terms of the Dirac delta function,
∇2Fxx =
n∑
j=1
cjδ(~r −~bj) . (52)
Finding the solution to eqn.(52) is a straightforward electrostatics problem. From the asymptotic locally
flat condition, so that Fxx approaches a positive constant a at infinity, the general solution, which we write
in terms of the F function, is
F = −a
m∑
j=1
F1(~r − ~aj) +
n∑
j=1
cj
4π
F2(~r −~bj) . (53)
The functions F1 and F2 are defined in eqns.(50). These metrics belong to the multi-Taub-NUT class with
a finite number of mass points ~bj (for a 6= 0). Demanding completeness fixes the signs of the coefficients cj
to all be negative and a positive (or both with opposite signs).
Recall that the distinct n-monopole moduli space is described by n of the O(2) coordinates. We first take
a generic U(1) invariant 4-dimensional slice of the 4n-dimensional distinct moduli space; the submanifold
described by one coordinate η is found by fixing all ηi coordinates except for one linear combination η. The
space must be ALF and thus given by a superposition of mass point interactions, F = Fkin + Fint + Fcon,
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Fkin =
r∑
j=1
κjF1(~r − ~aj) Fint =
s∑
j=1
λjF2(~r −~bj) . (54)
The remaining Fcon is a constant from the viewpoint of η (i.e. may depend on the remaining independent
combinations of ηi). In eqn.(54), the parameters aj , bj, κj , and λj are η-independent, but may in general
depend on the remaining frozen O(2) coordinates. Note that if all aj and bj were the same the metric would
acquire an additional SU(2) isometry and then give us a Taub-NUT space. The general form in eqn.(54)
resembles a multi-Taub-NUT space.
All generating functions F for the generic 4-dimensional slices defined by fixing all ηj coordinates except
for any one linear combination must have the same functional form as in eqn.(54). The fact that any of the
η-type submanifolds obey this property is a very stringent condition on the entire generating function (or
rather, the Ka¨hler potential) of the 4n-dimensional metric.
The form of F in eqn.(54) demands a functional linear dependence in η, both within the logarithm and
square, in the 4n-dimensional result containing the entire contribution Fint and Fkin. For ease of notation
define a finite set of general linear combinations of the ηi coordinates through the matrices M and N as
η˜p =Mpiηi p finite
ηˆq = Nqiηi q finite
The unique functional form for the generating function with this slice independent linear property is
F˜ =
1
2πi
∑
p
αp
∮
C˜p
dρ η˜2p
1
ρ3
+
1
2πi
∑
q
βq
∮
Cˆq
dρ
1
ρ2
(ηˆq){ln(ηˆq)− 1} .
(55)
The coeffients α, β, M , N are arbitrary constants which do not depend on the coordinates. We demand
next that F˜ has agreement with the known asymptotic form of the monopole moduli space, is geodesically
complete, and invariant under overall translations ηj → ηj + η¯ for all j simultaneously. These conditions
uniquely fix the coefficients in eqn.(55) so that we have agreement with the centered form in eqn.(48) with
the negativity condition on the coefficients ~α∗i · ~α∗j . This proves that the previously conjectured form of the
moduli space metric for distinct monopoles is in fact the correct one.
IV. Aligned Multi-Monopoles
The multi-monopole configuration for distinct fundamental monopoles is special in that there is no
charge exchange which modifies the “core” of the moduli space. The general SU(2)→ U(1) uncentered multi-
monopole moduli space is described in the generalized Legendre transform construction by the configuration
of coordinates ⊕kj=1η(2j) (coming from an intermediate projection of the twistor space Zk → ⊕kj=1O(2j)→
CP1) [6].
The multi-monopole moduli space for k distinct monopoles in SU(n) and the configuration where two
of the monopoles live along the same root directions are described furthermore by the sets of coordinates
⊕kj=1η(2), η(2)⊕ η(4)⊕k−1j=1 η(2) respectively [23]. In general, the types of coordinates needed are given by the
SU(2) number for a charge ki monopole along each of the components of the total magnetic charge vector.
Note that charge configurations with ki ≤ 2 describe “multi-Atiyah-Hitchin” type of metrics and only require
the η(2) and η(4) coordinates within the generalized Legendre transform. Furthermore, the general monopole
will always have at least one O(2) type of coordinate serving as the center of mass which is factored out to
obtain the centered moduli space.
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The presence of the section η(4) in the description of the aligned multi-monopole moduli space consid-
erably complicates the construction of the moduli space metrics, for one has to solve a series of constraints
(extremizing the F function with respect to the coefficients w2 in eqn.(31)) in the generalized Legendre
transform. However, even without solving explicitly these constraints one may find the asymptotic form of
the metric which agrees with the one from well-separated fundamental monopoles.
Recently the Atiyah-Hitchin metric has been worked out within the generalized Legendre transform
construction [13]. In this example the centered 2-monopole moduli space is described by an O(4) coordinate
η and generating function,
FAH = − m
2πi
∮
C
dρ
η
ρ3
+
g2~α∗1 · ~α∗1
4π
1
2πi
∮
C˜
dρ
1
ρ2
√
η . (56)
The asymptotic regime of the moduli space approaches a Taub-NUT space with positive mass parameter,
and one expects a limiting form of the F -function to approach the description in eqn.(44) but with ~α∗1 · ~α∗1
replaced with ~α∗1 · ~α∗2 > 0. The asymptotic limit on the level of the F function can be understood as a
degeneration of the O(4) coordinate into a square of an O(2) one, η → (η(2))2. This limit will be described
in detail below, but the functional form of FAH in eqn.(56) is important as it provides an interesting way to
generalize the distinct monopole moduli spaces to those containing two like-charge components.
Our results generalize the Atiyah-Hitchin metric by including additional charges along different U(1)
directions. An example of a charge vector within a broken SU(n) theory we analyze here is
~qm = g
(
2~α∗1 + ~α
∗
2 + . . .+ ~α
∗
p
)
(57)
for p ≤ n.
In the following we take the center of mass frame corresponding to the positions one and two (i.e.,
~r1 + ~r2 = 0). In the twistor picture we required the types of coordinates η
(2) and η(4) from the charge two
component. This frame choice means that this particular η(2) coordinate is the factored out center of mass
coordinate.
Our F -function conjectre is found by “enlarging” one of the η(2) coordinates used in formulating the
distinct moduli space with an η(4) one. The motivation behind this is that in the asymptotic regimes these
larger coordinates behave like the square of an η(2), as will be shown. We conjecture that the form of
the monopole moduli space corresponding to the charge in eqn.(57) is correct after replacing the relative
coordinate describing ~r1 − ~r2 in the asymptotic form with an η(4) one.
In the following we simplify the notation by identifying the two vectors ~α∗1 = ~α
∗
2 and taking all mass
parameters to be the same. Thus we consider the multi-monopole configuration which asymptotically cor-
responds to the charge configuration given by ~qm = g
∑p
j=1 ~α
∗
j with the j = 1, 2 identification. Then our
proposed F function is
Fkin = − 1
4πi
∮
C
dρ
1
ρ3
(η
2
+
p∑
i=2
η2i
)
Fint =
p∑
i<j
g2
4π
~α∗i · ~α∗jF ijint ,
where the F ij generating functions are defined by
F 12 =
1
2πi
∮
C˜12
dρ
1
ρ2
√
η
F ij =
1
2πi
∮
C˜ij
dρ
1
ρ2
ηij(ln ηij − 1) (i, j) 6= (1, 2) .
(58)
The coordinates in eqn.(58) are given by
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ηij = ηi − ηj (i, j > 2)
η1j = ηj +
√
η
2
(j > 2)
η2j = ηj −
√
η
2
(j > 2) .
(59)
Of course, we must be very careful in defining the contours C˜ij in the above integrals. There are three types
of integrals appearing in eqn.(58).
The contours are chosen as follows. C is a closed curve encircling the origin once in the counter-clockwise
direction. The remaining contours C˜ij are either from integrals containing only O(2) coordinates (latter in
eqn.(59)) or with only one O(4) (former). The completely O(2) integrand is taken with the previously
described Taub-NUT contour; C˜ij is defined in a figure eight fashion around the two zeroes of ηij = 0.
The mixed integral is more complicated since the integrand is single-valued on a double cover of the
logarithmic Reimann surface. However, keeping in mind that we want the correct asymptotic limits of the
moduli space limits severely the choice of contour. The integrals are described and evaluated in Appendix
I. In the following we investigate the asymptotic limits of the moduli space and show that it has the correct
form for the multi-monopole moduli space described by the charge configuration in eqn.(57).
Kinetic Contribution to Fw = 0 Constraint
We first evaluate the w-equation constraint on the form for F in eqn.(58). The kinetic contribution
splits into two types of integrals (O(2) and O(4)),
F jkin =
1
2πi
∮
0
dρ
η2j
ρ3
= −1
2
x2j + zj z¯j
F 1kin = −
2m
2πi
∮
0
η
2ρ3
= −mw .
(60)
Furthermore, the contribution to the w-constraint from the three types of “kinetic” terms above is very
simple,
Fkin,w = ∂wFkin = −m . (61)
Interaction Contribution
Next we list the contributions from the interaction part of the prepotential. The Taub-NUT type of
interaction from orthogonally charged monopoles is given from the terms with i, j > 2.
F ijint =
1
2πi
∮
C˜ij
dρ
1
ρ2
ηij
(
ln ηij − 1
)
= F2(~rij) = rij + xij ln(rij − xij)− 1
2
ln(4zij z¯ij)
(62)
Next, from the two similar monopoles with i = 1, j = 2 we have an Atiyah-Hitchin type of interaction. The
contour integral is evaluated in Appendix 1 and is explicitly,
F 12int =
1
2πi
∮
C˜12
1
ρ2
√
η (63)
∂wF
12
int =
1
4πi
∮
C˜12
dρ
1√
η
=
4[
c(1 + ββ¯)(1 + αα¯)
] 1
2
K(k) , (64)
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where K is a complete integral of the first kind, and the (real) modulus is
k2 =
(1 + α¯β)(1 + αβ¯)
(1 + ββ¯)(1 + αα¯)
. (65)
The final type of integral comes from the pairs i = 1, j > 2 and i = 2, j > 2. In this case we obtain a
contribution which is free of any ambiguity in defining the square root of the O(4) coordinate,
F 1jint,w + F
2j
int,w =
1
8πi
∮
C˜1j
1√
η
{
ln (ηj +
√
η
2
) + 1
}
− 1
8πi
∮
C˜2j
1√
η
{
ln (ηj −
√
η
2
) + 1
} (66)
These integrals have been evaluated in Appendix I and we state the complete result below.
The final form for the constraint imposed by requiring the w-derivative to vanish is then
Fw = 0 = −m+ g
2
π
1[
c(1 + ββ¯)(1 + αα¯)
] 1
2
{
2~α∗1 · ~α∗1K(k)
+
n∑
j=3
~α∗1 · ~α∗j
[
F [φR(δj+), q]−F [φR(−1/δ¯j−), q] + F [φL(δj−), q]−F [φL(−1/δ¯j+), q]
] }
.
(67)
The integrals above and the notation are defined in Appendix 1. We next must analyze the form for the
Ka¨hler potential subject to this constraint to determine the correct asymptotic limits. Unlike for the solution
to the AH metric in the generalized Legendre transform, eqn.(67) may not be directly inverted to obtain the
overall scale c of the two “like” monopole interactions.
Asymptotic Limits
The limits in which we pull apart the two like monopoles or all n simultaneously asymptotically far apart
should reproduce the metric discussed previously in section. The difference will be that in this case one of
the products of dual vectors is less than zero and hence reproduces a Taub-NUT type of space with positive
mass parameter (which does not have a complete metric). The corrections are suppressed exponentially and
resolve the potential singularity, just as in the Atiyah-Hitchin metric. Furthermore, the generating function
has been given in the first two particles’ center of mass frame.
In the following we examine eqn.(67) in the various asymptotic limits and determine the behavior of the
O(4) coordinate. Rather than rederiving the metric explicitly in these regions we find the asymptotic form
of the generating function in the Legendre transform.
~r12 →∞ Limit
Consider the limit in which the branch cuts of the elliptic surface defined by η = 0 move on top one
another. In this case α = β = µ and α¯ = β¯ = µ¯ and the real modulus of the curve approaches one.
This limit has been shown in the derivation of the Atiyah-Hitchin metric, from solving the w-equation up
to the scale c, to correspond to the regime of separating the two monopoles far apart, since in this case
the overall scale is set by the complete elliptic integral with modulus k. Although the roots have not been
solved for explicitly in terms of the universal scale c from eqn.(67), one can see that this limit corresponds
to degenerating the O(4) coordinate into an O(2) type in which an additional approximate tri-holomorphic
U(1) isometry is regained. This is physically what one expects as the widely separated monopoles have an
approximate individual charge conservation.
As the two roots α and β come close together, we find that the polynomial η limits to ,
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η = c(ρ− α)(ρ− β)(ρα¯ + 1)(ρβ¯ + 1)
→ c(ρ− µ)2(ρµ¯+ 1)2 = z¯(ρ− µ)2(ρ+ 1
µ¯
)2 ,
(68)
where α, β → µ. A transformation to new coordinates z′, u′ then allows the limit in eqn.(68) to be expressed
as
η′ → (z¯′)2(ρ− µ′)2(ρ+ 1
µ¯′
)2 , (69)
in which we see exactly the square of an O(2). Of course we should examine the w-equation explicitly in
order to show that this generic behaviour is indeed correct. We will do this and explicitly give the coordinate
transformation. Since we are looking at the location of the four zeroes, however, we know implicitly the
behaviour of w and how this procedure will go through.
The limiting form of the incomplete elliptic integrals is sub-leading. Consider what happens as α → β
and c → ∞ to the four zeroes of √η/2 ± η˜ = 0 degenerate into two solutions as the coordinates in η˜ are
suppressed in comparison to z¯1/2. In fig.(3) we have δ−,−1/δ¯+ → α and δ+,−1/δ¯− → β. Each incomplete
integral is in fact finite in this limit. The real q2 modulus in eqn.(67) approaches zero,
q2 =
(β¯ − α¯)(β − α)
(1 + β¯β)(1 + α¯α)
→ 0 . (70)
In the leading limit the difference of the left or right incomplete integrals also approaches zero,
lim
(δ+,−1/δ−)→β
F [ΦR(δ+), q]−F [ΦR(−1/δ−), q]→ 0 . (71)
The behaviour of eqn.(71) can be shown to approach 0 as O(1/√z¯). All contributions from the incomplete
integrals are suppressed in comparison to the complete K(k) contribution, which diverges logarithmically as
ln(1− k2) when k goes to one.
We first define the leading divergent term from the complete integral as,
τ = (
2g2~α∗1 · ~α∗1
mπ
)2 lim
k→1
K2(k) = (g
2~α∗1 · ~α∗1
2mπ
)2 ln2(1 − k) +O(1)
The solution to c in eqn.(67) as k → 1 is then to leading order,
c =
1
(1 + µµ¯)2
τ + . . . . (72)
Not surprisingly, the limit in eqn.(72) gives precisely the solution obtained in solving for the Atiyah-Hitchin
metric. We parametrize the roots of the O(4) coordinate in terms of angular variables Φ, Ψ, and θ, and
solve as was done in [13], for the coefficients of η subject to the constraint from eqn.(72). In terms of these
angular variables, the τ dependent relative coordinates are
z =
1
4
e2iφ
[
cos2(ψ)− sin2(ψ) cos2(θ) + i sin(2ψ) cos(θ)
]
τ + . . .
v = eiφ sin(θ) sin(ψ)
[
cos(ψ) + i cos(θ) sin(ψ)
]
τ + . . .
w =
1
4
[
−2 + 6 sin2(θ) sin2(ψ)
]
τ .
(73)
Explicitly we find that the scale factor of the coordinates diverges, so that the monopole “pair” is being
pulled apart.
We now rewrite the coordinates in eqn.(73) in the manner,
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z = z′
2
=
{1
2
eiφ
[
cos(ψ) + i cos(θ) sin(ψ)
]}2
τ
v = −2z′x′ = −2
{1
2
eiφ
[
cos(ψ) + i cos(θ) sin(ψ)
]}[− sin(θ) sin(ψ)]τ .
(74)
Then we have the solution to w
w = x′
2 − 2z′z¯′ (75)
In the new coordinates the O(4) polynomial may be written as
η = (z′ + x′ρ− z¯′ρ2)2 + . . . (76)
After the change of variables given above we find the limiting form of the O(4) coordinate to be η → η˜2,
where the latter is of the O(2) type with the functional form η˜ = z + xρ − z¯ρ2. Note that this is correct
asymptotically only while taking the w-constraint into account, since it is crucial for w to have a value such
that the degree four polynomial factorizes. The asymptotic limit |~r12| >> m, of the O(4) coordinates into
a square of the O(2) type is what initially lead to the investigation and proposals for the classes of moduli
spaces considered in this paper.
The crux to understanding these limits is not necessarily to examine all of the non-trivial equations in
the Legendre transform, but to look at the locations of the zeroes of the three types of polynomials. The
coalescing branch points and zeroes determine the location of potential singularities in the metric and the
asymptotic regimes in the coordinate expansions. In the above limit the two branch cuts moved on top of
one another, and in the process have cancelled eachother. In this manner we regain the features of an O(2)
type of contribution.
Thus without explictly dealing with the components of the metric we may find the form in this region.
We substitute in the appropriate form of η in the asymptotic limit of F into eqn.(58), where in this regime
the coordinates are defined by
ηij = ηi − ηj (i, j > 2)
η1j = ηj +
η
2
(i = 1)
η2j = ηj − η
2
(i = 2) .
(77)
This gives F and the metric to sub-leading order as ~r12 → ∞. Note that in the limit of the degenera-
tion of the O(4) coordinate into the square of the O(2) one, η(4) → (η(2))2, the contour integral F 12int =
1
2πi
∮
C˜12
dρ 1ρ2
√
η(4) goes over into the function described by the contour integral 12πi
∮
C
dρ η(2)(ln η(2) − 1)
[13]. The logarithm in the latter serves to define the choice of contour. Together with the replacement of
η(4) → (η(2))2 in the remaining integrals F1j and F2j in eq.(58) and eq.(77) gives the asymptotic form of the
moduli space metric for its higher dimensional Taub-NUT analog.
In summary, the asymptotic metric is of the higher-dimensional Taub-NUT type and agrees with that
calculated from the asymptotic forces. Furthermore, because of the square root coordinate change we see
that the metrics in eqn.(58) are a double cover asymptotically of the higher-dimensional Taub-NUT space.
|~rij | → ∞ for all i,j
Although the previous limit is the most interesting, we will describe another expansion to illustrate
the basic ideas. We consider scaling all length scales while keeping in general the ratios fixed. Again, the
contribution from the incomplete integrals is suppressed relative to the contribution K(k). In taking the limit
|~rij | >> 1 for all i, j the zeroes of the equations √η/2±ηj = 0 do not coincide and do not head off to infinity
(they depend on ratios of the large coordinates). As before, the large ~r12 >> 1 limit requires, however,
that α → β. Examining the integral representation for the F functions in eqn.(67) from the incomplete
integral contribution we see that none of the integrals have a potential divergence, either from poles within
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the denominator or from the limits of integration. The same analysis as above goes through and we find
that the asymptotic form of the metric when all monopoles are widely separated leads to the same one as in
the previous large ~r12 limit.
Dk Metrics
It is interesting that the metrics proposed for this monopole moduli space has a strong similarity to the
Dk asymptotically locally euclidean spaces. This (four-dimensional) class of metrics is believed to be found
within the generalized Legendre transform from the generating function [13]
G =
k∑
j=1
(
√
η + aj) ln(
√
η + aj) + (
√
η − aj) ln(√η − aj) . (78)
The coordinate η is of the O(4) type and the parameters aj are O(2) constants which parameterize the Dk
moduli space.
Returning to the moduli space considered in detail in this paper, the kinetic term of the F function
given in eqn.(58) with the different mass parameters inserted is actually
Fkin = − 1
4πi
∮
C
dρ
1
ρ3
(
m1
η
2
+
p∑
i=2
m2η
2
i
)
. (79)
By leaving m1 6= 0 we appear to have an asymptotically locally flat version of the Dk space.
In the limit m1 = 0 we obtain a “fluctuating” asymptotically locally euclidean Dk space. By fluctuating
we mean that by fixing the O(2) coordinates ηi (i.e. taking different four-dimensional O(4) submanifolds)
the Dk space is actually recovered. The ηi coordinates correspond to mass point insertions - the moduli of
the Dk space. It is unknown at this point what the interesting connection is between the proposed moduli
space and the Dk ALE spaces (or its ALF variants).
V. Generalizations and Multi-Atiyah-Hitchin Metrics
Starting from the form of the generating function F which describes the distinct moduli space, it
is possible to conjecture entire classes of generating functions which describe multi-Atiyah-Hitchin type
metrics. These spaces have magnetic charges with no more than two units along any dual vector direction;
specifically, the charge vectors are labelled by
~qm =
∑
i
ni~α
∗
i ni = 0, 1, 2 . (80)
It is possible to conjecture the form of F which gives these monopole moduli spaces for several reasons.
First, the centered moduli space for a monopole containing n charge-two and m charge-one components
must be described in terms of n of the η(4) and m + n − 1 of the η(2) coordinates. These spaces have real
dimension d = 4(2n+m− 1), and in the asymptotic regime where we pull out the charge-two components
one expects a multiple Atiyah-Hitchin type of metric.
Second, the analysis presented in the previous section shows how generically the η(4) coordinates limit
into an η(2) type as we pull its coordinates out to infinity (or rather, how its four roots degenerate into two
pairs). The form of the generating function in eqn.(48) which describes the well-separated multi-monopole
configuration, the “distinct” case but with appropriate sign changes coming from the inner products ~α∗i · ~α∗j ,
must be satisfied by any conjecture in the asymptotic regime.
The route we take to conjecture these generating functions is to simply replace the O(2) coordinates
with the square roots of the O(4) ones in the description of the asymptotic form of the moduli space. For
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example, the F function describing the charge qm = 2~α
∗
1 + 2~α
∗
2 + ~α
∗
3 + . . . is found by replacing η1 and η2 in
eqn.(48) with
√
η
(4)
1 and
√
η
(4)
2 . The contours must also be redefined, the detailed form of which depends
on the number of O(4) coordinates but in an analagous fashion to the case with two units of charge along
one component considered previously.
VI. Discussion
We have examined the multi-monopole moduli spaces in SU(n) gauge groups from the starting point
of the Legendre transform technique and its generalizations. In the case of the moduli space with k < n
U(1) isometries, which describes the monopole with no more than one unit of charge along each Cartan
direction, we have proved the unique form to be an analog of a Taub-NUT space in 4k dimensions. Looking
at the generating function of the Ka¨hler potential from the viewpoint of the Legendre construction, we have
been able to conjecture further examples of moduli spaces in which there are no more than two units of
magnetic charge in a single direction. These examples of metrics all have the correct asymptotic behavior
and the appropriate isometries, although we have not been able to prove them to be the unique form.
They correspond to joining together multiple Atiyah-Hitchin metrics and Taub-NUT type interactions in a
hyperka¨hler fashion.
There are a number of remaining open questions to be addressed. One would like an explicit form for
the metrics given by the generating functions proposed in this paper, which involves solving a system of
complicated constraint equations. In addition, the question of uniqueness of these examples should also be
addressed.
The predictions of Montonen-Olive duality in certain supersymmetric theories demand that the spec-
trum of elementary vector bosons be consistent with that of the magnetic counterpart. Under an SL(2, Z)
transformation each vector gets mapped to a tower of magnetically charged states, which in principle may be
found by looking at appropriate harmonic forms on the monopole moduli spaces. These conjectures may be
tested further for higher gauge groups if one knew the relevant moduli spaces, the form for several examples
we propose here.
We also find it curious that the metrics proposed here are related to the asymptotically flat versions of
the Dk and Ak class of metrics. It would be interesting to find the physical reason for the appearance of
these types of spaces in the moduli spaces considered here.
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Appendix I. Integrals
There are three integral forms necessary to describe the proposed “aligned” monopole moduli space.
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They have been described in section IV and we give in detail their construction here. First, the η coordinates
are defined by
O(2) η˜ = z + xρ− z¯ρ2 = z¯(ρ− ρ+)(ρ− ρ−)
O(4) η = z + vρ+ wρ2 − v¯ρ3 + z¯ρ4
= z¯(ρ− α)(ρ− β)(ρ + 1
α¯
)(ρ− 1
β¯
)
(I.1)
We have two types of integrals and their derivatives with respect to w in eqn.(I.1). The four solutions to
equations of the type
η′ ≡ η˜2 − η
4
= 0 (I.2)
give the various limits of the integration. Note that this equation satisfies the reality condition
¯η(ρ)′ = η′(−1
ρ¯
)ρ¯4 , (I.3)
so that the four roots come in complex pairs. We define the numbers δ± and −1/δ¯± to be the solutions to
the equations
[√
η
2
± η
]
(δ±) = 0 (I.4)
By the reality condition the ±-solutions come in pairs δ± and −1/δ¯±.
Mixed
The mixed O(2), O(4) contour integral is given by
JC˜ =
1
2πi
∮
c˜
dρ
1
ρ2
(η˜ +
√
η) ln(η˜ +
√
η) . (I.5)
There are four zeroes in the argument of the logarithm, two on each of the sheets of the square root. We take
the contour C˜ in a figure eight around the two of the zeroes δ+ and −1/δ¯+ on the plus sheet, illustrated as
one of the two contours in fig.(3). The integral in eqn.(I.5) with the square root sign flipped is taken around
the points δ− and −1/δ¯−. The orientation of the contours around the zeroes of η = 0 should be noted. In
all cases we begin the analytic continuation in the region where the zeroes of η = 0 and η˜ ±√η = 0 live on
the real axis and are ordered as
δ− ≤ −1/δ¯+ ≤ α ≤ −1/β¯ ≤ −1/α¯ ≤ β ≤ −1/δ¯− ≤ δ+ , (I.6)
as drawn in fig.(3).
O(4) w−Derivative
The w-derivative on F 12int gives the integral
IC =
1
2πi
∮
C
dρ
1√
η
(I.7)
The contour C is illustrated in fig.(2). The zeroes of the O(4) coordinate satisfy the reality constraint and
are given by zi =
{
α, −1/β¯, −1/α¯, β}.
We begin the analytic continuation of the integral in the region where all zi are real and ordered so that
zi < zi+1. The contour integral may be deformed into a standard elliptic integral
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IC = −
∫ −1/β¯
α
dρ
1√
η
= −2( α¯β¯
z¯
)
1
2
1[
(1 + ββ¯)(1 + αα¯)
] 1
2
K(k) .
(I.8)
The modulus is purely real and given by
k2 =
(1 + α¯β)(1 + αβ¯)
(1 + αα¯)(1 + ββ¯)
. (I.9)
-α ββ -1/ 1/ α
Figure 2. The contour for the integral IC .
Mixed w−Derivative
Now we compute the w-derivative of JC˜ in eqn.(I.5). The integral is denoted by IC˜ = ∂wJC˜ , and the
monodromy around the product of the logarthim and square root gives the integral on the top of the real
axis as
IC˜ =
1
4πi
(∫ −1/δ¯+
δ+
+
∫ δ+
−δ¯+
)
dρ
1√
η
ln(η˜ +
√
η) +
1
2
∫ −1/δ¯+
δ+
dρ
1√
η
=
1
2
∫ δ
−
−1/δ¯+
dρ
1√
η
.
(I.10)
The contribution from the complement integral on the other sheet of the square-root surface gives the sum
IC˜+ + IC˜− =
1
2
(∫ δ
−
−1/δ¯+
+
∫ −1/δ¯
−
δ+
)
dρ
1√
η
. (I.11)
The line segments are generically away from any poles which may be encountered in the denominator. The
combination of both integrals has no ambiguity in defining the square root branch cut. Also, the total
integral in eqn.(I.11) is invariant under the change of variables ρ↔ −1/ρ¯.
The terms in eqn.(I.11) lead to four incomplete integrals, two from each “side” of the elliptic cuts,
IC˜ = (−
α¯β¯
z¯
)
1
2
[
(1 + αα¯)(1 + ββ¯)
]− 1
2
(
F [φR(δ+), q]−F [φR(−1/δ¯−), q]
+ F [φL(δ−), q]−F [φL(−1/δ¯+), q]
)
.
(I.12)
Note that the explicit form is invariant under the complete inversion of the inequality I.6. The notation is
defined as follows. The incomplete integral F [φ, k] of the first kind is defined by
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F [φ, q] ≡
∫ sinφ
0
dt
[(1− t2)(1 − q2t2)] 12
. (I.13)
The angles and (real) modulus in this case are
q2 =
(β¯ − α¯)(β − α)
(1 + ββ¯)(1 + αα¯)
(I.14)
and
sin(φR(x)) =
[
− (1 + αα¯)(x − β)
(β − α)(1 + α¯x)
] 1
2
sin(φL(x)) =
[
− (1 + ββ¯)(α − x)
(β − α)(1 + β¯x)
] 1
2
. (I.15)
The net result for the Ka¨hler potential and its derivatives will contain many terms of the form in eqn.(I.12),
each representing the interaction between the pair of aligned monopoles and one of the orthogonally charged
ones.
δ+
δ
-
1/- αβ1/- β
1/- +
-
δ
δ1/-
α
Figure 3. The contour for the integral JC˜ .
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